Abstract. We use a relative Fourier-Mukai transform on elliptic K3 surfaces X to describe mirror symmetry. The action of this Fourier-Mukai transform on the cohomology ring of X reproduces relative T-duality and provides an infinitesimal isometry of the moduli space of algebraic structures on X which, in view of the triviality of the quantum cohomology of K3 surfaces, can be interpreted as mirror symmetry.
Introduction
In a recent approach of Strominger, Yau and Zaslow [19] , the phenomenon of mirror symmetry on Calabi-Yau threefolds admitting a T 3 fibration is interpreted as T-duality on the T 3 fibres. According to this formulation one can define the mirror dual to a Calabi-Yau manifold (of any dimension) as a suitable complexified compactification of the moduli space of its special Lagrangian submanifolds (the T 3 tori in the above case) [19, 12] .
In two dimensions this means that one considers a K3 surface elliptically fibred over the projective line, p : X → P 1 . A mirror dual to X can be identified with the component M spl (0, µ, 0) of the moduli space of simple sheaves on X having Mukai vector (0, µ, 0) ∈ H
• (X, Z), where µ is the cohomology class defined by the fibres of p. According to Morrison the mirror map between the Hodge lattices of X and M spl (0, µ, 0) should be given by a suitable Fourier-Mukai transform (cf. also [6] ).
In this paper we show that a Fourier-Mukai transform on elliptically fibred K3 surfaces provides indeed a description of mirror symmetry. The Fourier-Mukai transform not only maps special Lagrangian 2-cycles to 0-cycles, as noticed by Morrison and others, but reproduces the correct duality transformations also on 4-cycles and on 2-cycles of genus 0. It turns out that the Fourier-Mukai transform does not define an automorphism of the cohomology ring of the K3 surface which swaps the directions corresponding to complex structures with the directions corresponding to complexified Kähler structures. In this sense our treatment is different from other approaches, cf. e.g. [2] . However, we are able to obtain an isometry between the tangent space to the deformations of complex structures on X and the tangent space to the deformations of "complexified Kähler structures" on the mirror manifold.
We also note that the map determined by the Fourier-Mukai transform has a correct action on the mass of the so-called BPS states.
In order to describe this "geometric mirror symmetry" two modifications must be introduced in the construction we have above outlined. First, we regard the mirror dual to the elliptic K3 surface X as its compactified relative Jacobian X (this is actually isomorphic to M spl (0, µ, 0)); secondly, very much in the vein of [15] , we define a FourierMukai in a relative setting. In fact, the construction of the Fourier-Mukai functor for K3 surfaces as developed in [3] does not apply to this framework, since moduli spaces of pure rank-zero simple sheaves do not carry a torsion-free universal sheaf. Moreover, the relative transform we define, once restricted to the smooth fibres, reduces to the usual Fourier-Mukai transform for abelian varietes; in this way the reduction of mirror symmetry to relative T-duality in the spirit of [19] is achieved.
It should be stressed that this analysis shows that the moduli space M spl (0, µ, 0) is isomorphic to the original K3 surface X as an algebraic variety, in accordance with the fact that, under this interpretation of mirror symmetry, a K3 surface is mirror to itself [19] . This fact, together with the the existence of an isometry between the above mentioned spaces of deformations, is consistent with the triviality of the quantum cohomology of a K3 surface (in particular, the Weil-Petersson metric on the moduli space of Kähler structures bears no instantonic corrections).
To go through some more detail, the Fourier-Mukai functor T we define transforms a torsion-free rank one zero-degree sheaf concentrated on an elliptic fibre of X to a point of the compactified relative Jacobian X; accordingly, T enjoys the T-duality property of relating 2-cycles to 0-cycles. Furthermore, T induces an isometry
The quotient H 1,1 ( X, C)/ Pic( X) ⊗ C can be regarded as the tangent space at X to the space of deformations of algebraic structures on X which preserve the Picard lattice, and similarly, H 1,1 (X, C)/ Pic(X) ⊗ C is to be identified with the tangent space to the space of deformations of Kähler structures on X preserving the Picard lattice. With these identifications in mind, the isometry ψ can be regarded as an "infinitesimal" mirror map.
From a mathematical viewpoint the transform we define here provides another example of a Fourier-Mukai transform on K3 surfaces in addition to the one given in [3] .
The paper is organized as follows. In Section 2 we fix notations, define the relative Fourier-Mukai functor and prove its first properties. In Section 3 we prove that it is invertible and thus gives rise to an equivalence of derived categories. In Section 4 we study the action of the Fourier-Mukai transform on the cohomology ring of the K3 surface X. In Section 5 we discuss how the Fourier-Mukai transform can be regarded as a mirror duality for string theories compactified on an elliptic K3 surface.
The basic construction
Let p : X → P 1 be a minimal algebraic elliptically fibred K3 surface (all algebraic varieties will be over C). The morphism p has no multiple fibres and is flat, so that the relative Jacobian variety J → P 1 exists. This admits a natural compactification J obtained by adding to J the torsion-free, rank-one, relative zero-degree coherent sheaves on X [1] .
Another compactification has been suggested by Morrison [12] . Let µ ∈ H 2 (X, Z) be the cohomology class defined by the fibres of p; if with any zero-degree torsionfree L t over X t = p −1 (t) we associate its direct image (i t ) * L t , we define an imbeddinḡ J ֒→ M spl (0, µ, 0), where M spl (0, µ, 0) is the moduli space of simple sheaves on X with Mukai vector (0, µ, 0) (the Mukai vector of a coherent sheaf F on X is the element ch
is a smooth projective variety (actually, a minimal K3 surface) [14, 16] . SinceJ is a proper surface the imbeddinḡ J ֒→ M spl (0, µ, 0) is an isomorphism. We shall denote by X this variety, and we shall regard it as the Altman-Kleiman compactification. We have a natural morphism p : X → P 1 . X is a fine moduli space for torsion-free, rank-one, relative zero-degree coherent sheaves on p : X → P 1 . For every morphism of algebraic varieties f : S → P 1 (an S-point of P 1 ) one has a base change diagram
Two torsion-free rank-one coherent sheaves F and F ′ on X S , flat over S and of relative zero degree, are considered to be equivalent if F ′ ≃ F ⊗ p * S N , with N a line bundle on S. We denote by X the functor which with every morphism f : S → P 1 associates the set of equivalence classes of such sheaves. X is representable by X, that is, there exists a torsion-free rank-one coherent sheaf P on X × P 1 X, flat over X and of relative zero degree, such that
is an isomorphism of functors. P is called the "universal Poincaré sheaf" and is defined up to tensor product by the pullback of a line bundle on X. We assume that p : X → P 1 has a section e : P 1 ֒→ X and write H = e(P 1 ). We normalize the Poincaré sheaf on the product X × P 1 J as usual by letting
This induces a normalization on the whole of X × P 1 X, since if
We shall henceforth assume that P is normalized in this way.
By means of the universal property (2.1) we can define some morphisms to X.
Remark 2.1. The structure sheaf O X induces a sectionê :
We shall write Θ =ê(P 1 ) as this divisor defines the canonical relative polarization for the compactified Jacobian on the open set formed by the smooth fibres of p.
Remark 2.2. The morphism ι : X → X mapping a torsion-free, rank-one relative zerodegree coherent sheaf F on X to its dual F * is the morphism induced by the sheaf P * ∈ X( X). By (2.1) one has (1 × ι) * P ≃ P * ⊗π * N for some line bundle N on X. Restriction to H × P 1 J gives that N is trivial by virtue of (2.2). Then
The morphism ι • ι : X → X maps a torsion-free rank-one relative zero-degree coherent sheaf F on X to F * * and so is the identity on the Jacobian J ⊂ X. By separateness ι • ι = Id, and (2.3) implies P ≃ P * * . Then, if f : S → P 1 is a morphism, every torsion-free rank-one relative zero-degree coherent sheaf
here m x is the ideal sheaf of the point x in X t . ̟ is a morphism of schemes over P 1 , since it is the morphism induced by the sheaf I ∆ * ⊗ O X× P 1 X (−(1 × e)(X)) ∈ X(X), where I ∆ is the ideal sheaf of the diagonal immersion X ֒→ X × P 1 X. If U ⊂ P
1 denotes the open set supporting the smooth fibres of p, the section e |U defines for X |U a structure of relative group, and the above morphism induces a natural isomorphism X |U ∼ → X |U of group schemes over U. Then ̟ is birational, and since X has no (−1)-curves and X is smooth, ̟ is an isomorphism ̟ : X ∼ → X of schemes over P 1 (cf. [5] ). Moreover, the relative polarizations H and Θ are identified by this isomorphism, ̟(H) = Θ.
For every morphism f : S → P 1 we denote all objects obtained by base change to S by a subscript S. We shall make reference to the diagram
We define the Fourier-Mukai functors S i S , i = 0, 1 by associating with every sheaf F on X S flat over S the sheaf on X S
The Fourier-Mukai functors mapping sheaves on X to sheaves on X will be denoted by S i .
Definition 2.4. We say that a coherent sheaf F on X S flat over S is WIT i if S j S (F ) = 0 for j = i. We say that F is IT i if it is WIT i and S i S (F ) is locally free. If S is reduced and connected, a sheaf F on X S is IT i if and only if H j (X s , F s ) = 0 for j = i.
Since the fibres ofπ S are one-dimensional the first direct image functor commutes with base change. Proposition 2.5. Let F be a sheaf on X S , flat over S. For every morphism g :
Fourier-Mukai transform of rank 1 sheaves. A first manifestation of geometric mirror symmetry is the fact that the Fourier-Mukai transform of a torsion-free rank-one zerodegree coherent sheaf on a fibre X t is a skyscraper sheaf concentrated at a point of X t =p −1 (t). By Proposition 2.5 the functors S
• are determined by the Fourier-Mukai transform S
• X (P) of the universal Poincaré sheaf P on X X = X × P 1 X. We need a preliminary result.
Lemma 2.6. Let Y be a proper connected curve of arithmetic genus 1 and F a torsionfree rank one and zero degree sheaf on
Proof. One has H 0 (Y, F ) = 0 by Riemann-Roch and H 0 (Y, F * ) = 0 by duality. Let τ and σ be nonzero sections of F and F * respectively. Let ρ be the composition
Since ρ • τ = 0, the morphism ρ • τ consists in the multiplication by a nonzero constant λ, which may be set to 1. Then ρ • τ = id, so that F ≃ O Y ⊕ M, where M has rank zero; hence M = 0, and F ≃ O Y .
Let f : S → P 1 be a morphism, O S (n) = g * O P 1 (n) and p S : X S = X × P 1 S → S the induced fibration, whose relative dualizing sheaf is ω p S = p * S O S (2). If F is a torsionfree rank one coherent sheaf on X S , flat over S and of relative zero degree, we denote by j : Z ֒→ S the support of R 1 p S * F , that is, the closed subscheme defined by the annihilator of R 1 p S * F .
Lemma 2.7. j : Z ֒→ S is the maximal subscheme of S over which F is trivial, that is: 
In order to compute the Fourier-Mukai transform S
• X (P) of the Poincaré sheaf P on X × P 1 X we consider the diagram
Proof. Sincep : X → P 1 is an elliptically fibred K3 surface we can apply Lemma 2.7 to X × P 1 X → X, so that there is a maximal closed subscheme Z ֒→ X over which P ⊗ P * is trivial. Since the restriction of P ⊗ P * to the fibres over the points of the Jacobian J ⊂ X is trivial, J is contained in Z, and Z = X, that is, P ⊗ P * ≃π * N for a line bundle N on X. Restriction to H × P 1 J gives N |J ≃ O J (by Eq. (2.2)), and then N ≃ O X .
Let ζ : X ֒→ X × P 1 X be the graph of the morphism ι : X → X mapping a torsion-free rank-one coherent sheaf of relative zero degree to its dual.
Proof. One has P ⊗ P * = (1 × ζ) * (π * 12 P ⊗ π * 13 P). By Lemma 2.8 ζ factors as X → W ֒→ X × P 1 X, where W is the maximal closed subscheme of X × P 1 X over which π * 12 P ⊗ π * 13 P is trivial. Let us denote byπ i the projections of X × P 1 X onto its factors. Since the restrictions of π * 12 P and π * 13 P * to X × P 1 W are isomorphic up to tensoring by the pullback of a line bundle on W , the universal property Eq. (2.1) implies that the morphismsπ 1 and ι •π 2 coincide on W . But then the immersion W ֒→ X × P 1 X factors through the graph ζ : X ֒→ X × P 1 X, that is, ζ : X ∼ → W . The result follows now from Lemmas 2.7 and 2.8. Proposition 2.10. Let f : S → P 1 be a morphism and F a torsion-free rank-one relative zero-degree coherent sheaf on X × P 1 S flat over S. Let φ : S → X be the morphism determined by the universal property (2.1) and let Γ : S ֒→ X S be the graph of the morphism ι • φ : S → X. Then 
Corollary 2.11. One has
while all zeroth direct images vanish. Here δ : X ֒→ X × P 1 X is the diagonal immersion.
A result similar to the first formula can be found in [15] for the case of relative abelian schemes.
We can now state compute the Fourier-Mukai transform of sheaves on X corresponding to points in X.
Corollary 2.12. Let F be a rank-one, zero-degree, torsion-free coherent sheaf on a fibre
where [F * ] is the point of X t defined by F * .
Inversion of the Fourier-Mukai transform
We consider the relative Jacobian J( X) and its Altman-Kleiman compactification X → P 1 , which is again a minimal K3 surface. If U ⊂ P 1 denotes as above the open subset supporting the smooth fibres of p, the dual of the Poincaré sheaf provides an isomorphism X U ≃ J( X) U of schemes over U. Since X is minimal and X is smooth and has no (−1)-curves, this isomorphism can be extended to an isomorphism X ∼ → X.
We can consider X as the compactified Jacobian X of X and the relevant universal sheaf on X × P 1 X is P * . The roles of X and X are so completely interchangeable. The Fourier-Mukai functor defines a functor
is the subcategory of the derived category of coherent 7 sheaves on X consisting of the complexes bounded from above). To state the invertibility properties of this functor in a neat way we define a modified functor T :
)). A natural candidate for the inverse of T is the functor
Since the relative dualizing complexes of π andπ are both isomorphic to O X× P 1 X (2) [1] , relative duality gives:
in the derived categories D − ( X) and D − (X), respectively.
Proof. Letπ 1 andπ 2 be the projections onto the two factors of X × P 1 X. Then [13, 15, 16, 3] for similar statements), with
in the derived category, and T( T(G)) ≃ G[−1].
The second statement follows from the first by interchanging the roles of X and X.
So T establishes an equivalence of triangulated categories. 
is isomorphic to F .
We also have a property of preservation of the Hom groups, which is sometimes called "Parseval theorem."
Proposition 3.4. There are functorial isomorphisms
Remark 3.6. Moduli spaces of sheaves on holomorphic symplectic surfaces carry a holomorphic symplectic structure, which is given by the Yoneda pairing Ext 14] ), where one identifies Ext 1 (F , F ) with the tangent space to the moduli space at the point corresponding to the sheaf F . Whenever the Fourier-Mukai transform establishes a morphism between such moduli spaces, Corollary 3.5 implies that the morphism is symplectic.
Action on the cohomology ring
The cohomology ring H
• (X, Z) carries a bilinear pairing, usually called Mukai pair-
and the same is true for H • ( X, Z). We define an isomorphism f :
and want to show that in terms of f one can define an isometry between the tangent space to the moduli space of algebraic structures on X and the space of deformations of the Kähler structure on X, which can be regarded as a geometric realization of mirror symmetry. We define the map f basically as in [16] , but the properties of this map are slightly different, since we are working in a relative setting, and the relative dualizing sheaf is nontrivial. Here we give only a sketch of the theory, more details are to be found in [4] .
The f map. We now define the f map and describe its basic properties. We shall be concerned with varieties fibred over
We define in H even (Y, Z) an involution * by letting
Turning back to the case where X is an elliptic K3 surface, satisfying all the properties we have so far stated, we define morphisms
by letting
where
Lemma 4.1. The maps f , f ′ have the following properties:
3. f (µ) = −ŵ, whereŵ is the fundamental class of X; 4. f (H) = 1 +ŵ;
Proof. Property 1 is proved as in [16] , p. 382, provided that suitable adaptations to the relative case are done. One also proves that f ′ • f (α) = −α, so that 2 follows. To prove 3, let L be a flat line bundle on a smooth fibre X t of p. One knows that ch i t * (L) = i t * (1) = µ since the normal bundle to X t is trivial. By Corollary 2.12 we have
where [L] ∈ X t is the isomorphism class of L. By Riemann-Roch we get −ŵ = f (µ). We notice that this implies f ′ (μ) = w, whereμ is the divisor given by the fibres of p : X → P 1 ; after swapping X and X we get f ′ (μ) = −w which implies f (w) =μ. To prove 4 we apply Riemann-Roch to
5 is now straightforward. Using these results one proves 6 as in [16] . 7 follows from 1 and 6.
If one defines a modified,
Proof. We already know that f (w) 0 = 0 and f (1)
One has thatf (α) = 0 if and only if f (α) = sŵ (s ∈ Q), and then α = −sμ, which proves that kerf = Qµ, andf induces an injective morphismf :
, and β =f (−f ′ (β)), thus finishing the proof.
Topological invariants of the Fourier-Mukai transform.
Let us assume at first that the Picard number of X is two; then the Picard group of X is generated by the classes of the divisor of the fibres of X and the divisor of the section e, that, is Pic(X) ≃ Zµ⊕ZH [18] . From Proposition 4.2 we see that f maps Pic(X) onto
. It is now possible to compute the invariants of the Fourier-Mukai transform of a sheaf on X by means of the Riemann-Roch formula, expressed in the form
In particular, let us assume that F is WIT i , and set F = T i (F ), and ch F = r + a H + b µ + c w where r = rk F .
We then have
In the same way, if E is a WIT i sheaf on X, with ch E = r + a Θ + bμ + cŵ
One obtains similar formulae also in the case when the Picard group has higher rank; in the Appendix we treat the case when X has singular fibres of type I n (according to Kodaira's classification [11] ).
Fourier-Mukai functor as mirror symmetry
We would like now to examine some facts which pinpoint the relations between the relative Fourier-Mukai transform on elliptic K3 surfaces and mirror symmetry.
(a) The formulae (4.1) and (4.2) establish a morphism
together with its inverse. According to these formulae, the cycle corresponding to a 0-brane is mapped to a special Lagrangian 2-cycle (i.e. to the cycle homologous toμ), and vice versa, while a 4-brane is mapped to a cycle supported by a curve of genus 0, and vice versa. So one recovers the transformation properties of D-branes under T-duality as known from string theory [17] .
(b) Mirror symmetry should consist in the identification of the moduli space of complex structures on an n-dimensional Calabi-Yau manifold X with the moduli space of "complexified Kähler structures" on the mirror manifold X. The tangent spaces to the two moduli spaces are the cohomology groups H n−1,1 (X, C) and H 1,1 ( X, C), respectively. We want to show that when X is an (algebraic) elliptic K3 surface the f map establishes an isometry between the subspaces of these tangent spaces which describe "algebraic deformations," in a sense that we shall clarify hereunder.
We denote by φ the complexification off and by ψ :
Proposition 5.1. The map ψ establishes an isometry
Let Ω,Ω be generators of H 2,0 ( X, C) and H 0,2 ( X, C). Since X is a moduli space of sheaves on X, by Remark 3.6 the classes ψ(Ω) and ψ(Ω) lie in H 2,0 (X, C) and H 0,2 (X, C), respectively. The result then follows from Lemma 4.1 and Proposition 4.2.
The space H 1,1 ( X, C)/Pic( X) ⊗ C may be naturally identified with the tangent space at X to the space of deformations of algebraic structures on X which preserve the Picard lattice. Analogously, the space H 1,1 (X, C) can be regarded as the space of deformations of the Kähler structure of X, and its quotient H 1,1 (X, C)/Pic(X) ⊗ C as the space of deformations of the Kähler structure which preserve the Picard lattice. The map ψ can then be thought of as a mirror transformation in the algebraic setting. Since the Weil-Petersson metrics on both spaces are expressed in terms of the Mukai pairing, which is preserved by ψ, we see that ψ establishes an isometry between the tangent spaces to the two moduli spaces, consistently with the fact that the quantum cohomology of a K3 surface is trivial.
(c) The mass of a BPS state, which is represented by a D-brane wrapped around a 2-cycle γ, is given by the expression [8] where Ω denotes a holomorphic 2-form on X, and [Ω] its cohomology class in H 2,0 (X, C). The map φ evidently preserves this quantity.
As a final remark, we would like to mention [9] , where the authors consider a FourierMukai transform on the cartesian product X × X given by the ideal sheaf of the diagonal and use it to define a T-duality between X and X. A Riemann-Roch computation is then advocated to support an interpretation of the duality of the baryonic phases in N = 2 super Yang-Mills theory. Thus, the geometric setting and the physical implications of this construction are different from those of the present paper.
Conclusions. It should be stressed that in this picture, in accordance with [19, 12] , and differently to other proposals that have been recently advocated (cf. e.g. [2, 7] ), the mirror dual to a given elliptic K3 surface X is isomorphic to X, and a nontrivial duality relation between the moduli spaces of complex structures and of Kähler structures is recovered only at the "infinitesimal" level. It would be now of the utmost interest to develop a similar construction in terms of a generalized Fourier-Mukai transform in higher dimensional cases, where the mirror dual is not expected to be isomorphic to the original variety; however, one may conjecture that the derived categories of the two varieties are equivalent.
